Positive Solutions for nth Order Differential Equations Under Some Conditions by Odda, S. N.
Applications and Applied Mathematics: An International 
Journal (AAM) 
Volume 6 Issue 1 Article 19 
6-2011 
Positive Solutions for nth Order Differential Equations Under 
Some Conditions 
S. N. Odda 
Qassim University 
Follow this and additional works at: https://digitalcommons.pvamu.edu/aam 
 Part of the Ordinary Differential Equations and Applied Dynamics Commons 
Recommended Citation 
Odda, S. N. (2011). Positive Solutions for nth Order Differential Equations Under Some Conditions, 
Applications and Applied Mathematics: An International Journal (AAM), Vol. 6, Iss. 1, Article 19. 
Available at: https://digitalcommons.pvamu.edu/aam/vol6/iss1/19 
This Article is brought to you for free and open access by Digital Commons @PVAMU. It has been accepted for 
inclusion in Applications and Applied Mathematics: An International Journal (AAM) by an authorized editor of 






Appl. Appl. Math. 
ISSN: 1932-9466 
 
Vol. 6, Issue 1 (June 2011)  pp. 232 – 239  
(Previously, Vol. 6, Issue 11, pp. 1973 – 1980) 
Applications and Applied 
Mathematics:  






Positive Solutions for nth Order Differential  






Department of Mathematics  
Faculty of Computer Science  
Qassim University  
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boundary value problems. We prove that the nth order nonlinear differential equation has at least 
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1.   Introduction 
  
We are concerned, in this paper, with the existence of positive solutions for the following 
boundary value problem for nth order differential equations 
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( ) ( ) ( , ( )),              0 t 1 ,     nu t f t u t                                                                               (1.1)            
       
   ,0)1()0()0()0()0( )1()2(   nn uuuuu                                                           (1.2)          
 
     0   0,,     where, 0)1()1(   uu                                                          (1.3)                        
 
Problems of the above type occur frequently in science, engineering, mathematical physics, 
economics and biology [Zhang (2006)].        
 
The nonlinear nth order differential equations studied in this paper are an existence and 
nonexistence of positive solutions by using object of mathematical investigations [El-shahed 
(2009), El-Shahed and Hassan (2010), Guo and Lakshmikantham (1988), Sun and Wen (2006), 
Agarwal and O'Regan (1999) and Agarwal et al. (1999)]. However, there are few papers 
investigating the existence of positive solutions of nth impulsive differential equations by using 
the fixed point theorem of cone expansion and compression. The objective of the present paper is 
to fill this gap and the results presented are new and original. Also, several results obtained in 
Agarwal et al. (1999) are generalized.  
 
 
2.   Notation, Definition and Auxiliary Results  
 
 
Theorem 2.1 [Agarwal et al. (2001), Agarwal and O'Regan (1999)]: 
 
Assume that U is a relatively open subset of convex set K  in Banach space E . Let 
 
KUN : be a compact map with U0 . Then, either  
 
(i) N  has a fixed point in U ; or 
 
(ii) There is Uu  and )1,0( such that uNu    . 
 
 
At first, we find the solution ( )u t , for the problem 
 
( ) ( ) ( ),              0< t <1 ,     nu t y t                                                                                      (2.1)            
 
   ,0)1()0()0()0()0( )1()2(   nn uuuuu                                                           (2.2)            
 
   0   0,,     where, 0)1()1(   uu  .                                                         (2.3) 
 
Applying Laplace transforms to equation (2.1), we have:  
 
)()0()0()0()0()0()( )1()2(321 syuusususussus nnnnnn    ,                       (2.4)                       
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Therefore, by the inverse Laplace transform and using the boundary condition (2.2) and (2.3), we 
obtain the final form of ( ) u t as: 
 
1 12 2 2
0 0
( 2) (1 )
( ) ( ) ( )
[ ]( 2)! 2! [ ]( 2)! 2!
nn t t s
u t y s ds y s ds
n n
  
   
  
  
                      
 
1 12 3 1 1
0 0 0
(1 ) ( )
( )  ( ) ( ) .
[ ]( 3)! 2! ( 1)! ( 1)!
tn n nt s t t s




   
 
                            (2.5) 
  
 
Definition 2.1.  
 
An operator is called completely continuous if it is continuous and maps bounded sets into 
precompacts. 
 
Definition 2.2.  
 
Let E  be a real Banach space. A nonempty closed convex set EK  is called cone of E  if it 
satisfies the following conditions: 
 
(i) Kx , 0 implies Kx ; and 
 
(ii) Kx  , Kx implies 0x . 
 
 
3. Main Result  
 
Consider the family of problems: 
 
     , 1t0             )),(,()()(  tutftu n                                                                              (3.1)  
 
   ,0)1()0()0()0()0( )1()2(   nn uuuuu                                                          (3.2)            
 
(1) (1) 0 ,  where  , 0,   0.u u                                                                      (3.3) 
 
Hence, (3.1), (3.2) and (3.3) are equivalent to the integral equation          
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1 12 2 2
0 0
( 2) (1 )
( ) ( , ( )) ( , ( ))
[ ]( 2)! 2! [ ]( 2)! 2!
nn t t s
u t f s u s ds f s u s ds
n n
  
   
  
 
                      
              





( , ( )) - ( , ( ))
[ ]( 3)! 2! ( 1)!
( )





f s u s ds f s u s ds
n n
t s














          (3.4) 
  
Defining XXT : as:  
  
1 12 2 2
0 0
( 2) (1 )
( ) ( , ( )) ( , ( ))
[ ]( 2) ! 2 ! [ ]( 2) ! 2 !
nn t t s
Tu t f s u s ds f s u s ds
n n
  
   
  
 
    
                                       
 
          
1 12 3 1 1
0 0 0
(1 ) ( )
  - ( , ( ))  ( , ( )) ( , ( )) ,
[ ]( 3)! 2! ( 1)! ( 1)!
tn n nt s t t s




   
 
     
  (3.5) 
 
where X=C[0,1] is the Banach space endowed with the supper norm.  
 








It is easy to see that T is continuous. For  0 ,:  lluXuMu , we obtain, 
 
1 12 2 2
0 0
1 12 3 1 1
0 0 0
( 2) (1 )
( , ( )) ( , ( ))
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, so T(M) is bounded. Next we shall show the equi-continuity of 
)(MT , 1 2, 0, [0,1]u M t t      .  
 





































































Then, we have 
  
1 12 2 2 2 2
2 1 2 1
0 0
1 12 2 3 1 1
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)(1 )
( ) ( )         - ( ( , ( )) ( , ( ))






t t t t sn
f s u s ds f s u s ds
n n
t t s t t











   













( , ( )) ( , ( ))
1)! ( 1)!
t t nt s
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Assume that :[0,1]f R R  is continuous function, and there exist constants  
 
1 22
2!( )( 1)! n!
        0<c ( ,    ),       c 0
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such that 21))(,( cuctutf  , for all ]1,0[t . Then, the boundary value problem (3.1)-(3.3) 




Following [Yang (2005), Zhang (2006) and Odda (2010)], we will apply the nonlinear 
alternative theorem to prove that T has one fixed point. Let  RuXu  : , be open subset 




( 1) ( 1)( 1) ( 1)
4 , , ,
2!( 1)!( ) ! 2!( 1)!( ) !
n c n cn n n n
R u c u u c u
n n n n
   
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      
         
.  
 
We suppose that there is a point u and )1,0(  such that Tuu  . For u , we have: 
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which implies that uRT  , that is a contradiction. Then, the nonlinear alternative theorem 
implies that T has a fixed point u , that is, problem (3.1)-(3.3), has a solution u . 
 
















tu  .                                                                                                              (3.6) 







 c . So, we conclude that the 
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